On an area property of the sum cotA + cotB + cotΓ in a triangle
Introduction
Rummaging through an obscure trigonometry book published in Athens, Greece (and in the Greek language), and long out of print, I discovered the following, listed as an exercise (see reference [1] 2) In any other context, we would use any of the two standard threeletter angle notations (mentioned above), with the vertex letter situated in the middle. However, in this paper, such "other context", does not truly arise.
3) In a paper like this, where the internal angles A,B,Γ are repeated very frequently throughout, using a three-letter notation (instead of a single letter one), would conceivably result in a significant increase in the length of the paper.
A first observation reveals that the sum cotΑ + cotΒ + cotΓ can be arbitrarily large. Indeed, if we restrict our attention only to those triangles in which none of the angles A, B, Γ is obtuse; then each of the trigonometric numbers cotΑ, cotΒ, cotΓ is bounded below by zero, i.e.
cotA, cotB, cotΓ ≥ 0. But say, angle Γ can become arbitrarily small; in the language of calculus, Γ → 0 + ; so that cotΓ → + ∞. 
Formula 1 (Heron's Formula
Formula 4 (summation formulas): For any angles θ and ω,
Formula 7: For any angle θ which is not the form κπ or κπ
where κ is an integer, cot2θ = 2cotθ a) Proof of Formula 6: From Formula 1 we have,
b) Proof of Formula 7: For any two angles θ and ω such that θ + ω ≠ κπ, κ any integer (so that sin (ω + θ) ≠ 0) we have, in accordance with Formula 4,
If, in addition to the above condition, we also have θ ≠ mπ and ω ≠ nπ (where m, n are any integers), then sinθsinω ≠ 0; and so,
Thus, by setting θ = ω we obtain cot2θ = 2cotθ 1 -θ cot 2 , under the conditions θ ≠ π and 2θ ≠ π; any integer. Considering the cases even and odd, the condition can be simplified into
c) Proof of Formula 8:
We need only establish the first of the three (sub)formulas, the other two are established similarly. Indeed, if
we apply the first of the two (sub)formulas in Formula 2 with θ = 2 A ; in combination with the first (sub)formula in Formula 3 we obtain,
Likewise, we apply cos2θ = 1 -2 sin 2 θ with θ = 2 A in conjunction with the first (sub)formula in Formula 3 to obtain,
Equations (1) and (2) imply
Since A is a triangle angle, 0° < 2 A < 90°; which means, that in particular cot ⎟ ⎠ ⎞ ⎜ ⎝ ⎛ 2 A > 0; thus, by virtue of (3) we conclude that
d) Proof of Formula 9:
We apply the first (sub)formula of Formula 5: βγ = sinA 2E ; we then substitute for βγ in the first (sub)formula of Formula 3 to obtain,
Similarly, we also have,
and,
Adding equations (4), (5), and (6) memberwise and solving for the area E produces the desired result: E = ) cotΓ cotB (cotA 4 γ β α 2 2 2 + + + + . Proof: Without loss of generality, we may assume that B, Γ are acute angles; 0° < B, Γ < 90°; while A maybe an acute, right, or obtuse angle. The key point in this proof is the observation or realization that,
Postulate 1 and its proof
To see why this is so let us first take a look at 
and by virtue of (area (by Formula 9)
Clearly, if we prove (9), the proof of Postulate 1 will be complete.
First note that according to Formula 6 we have,
Secondly, we compute the term 8Eγ 2 cotA in (9), in terms of α, β, γ;
and by cyclicity of the letters α, β, γ, we correspondingly find similar formulas for the terms 8Eβ 2 cotΓ and 8Eα 2 cotB. We start by applying the first (sub)formula of Formula 8 together with Formulas 7 and 1 to obtain,
Similarly, by cyclicity, 8Eβ 2 cotΓ = 2β 2 (α 2 + β 2 -γ 2 ) and (12)
Also, by expansion we have,
If we add (10), (11), (12), (13), and (14) memberwise, the resulting equation is (9). To the interested reader we point out that the derivative of the function g k is given by
Two Lemmas from calculus and their conclusion
Note that in the last fraction, only the factor cotx + k -1 k 2 + changes sign over the interval (0, 2 π ); that happens at the only critical number θ k this function has: the unique number θ k such that cotθ k = -k + 1 k 2 + (recall that cotx is a decreasing function on (0, 2 π ) and whose range is (0, + ∞)).
Combining the two Lemmas we arrive at, Combining this with Postulate 1 leads to
